Generation of Spin-Adapted and Spin-Complete Substitution Operators for
  (High-Spin) Open-Shell Coupled Cluster of Arbitrary Order by Herrmann, Nils & Hanrath, Michael
Generation of Spin-Adapted and Spin-Complete Substitution Operators for
(High-Spin) Open-Shell Coupled Cluster of Arbitrary Order
Nils Herrmann∗ and Michael Hanrath†
Institute for Theoretical Chemistry, University of Cologne, Greinstraße 4, 50939 Cologne, Germany
(Dated: August 25, 2020)
A rigorous generation of spin-adapted (spin-free) substitution operators for high spin (S = Sz)
references of arbitrary substitution order and spin quantum number S is presented. The generated
operators lead to linearly independent but non-orthogonal CSFs when applied to the reference and
span the complete spin space. To incorporate spin completeness, spectating substitutions (as e.g.
Eˆvaiv ) are introduced. The presented procedure utilizes Löwdin’s projection operator method of spin
eigenfunction generation to ensure spin completeness. The generated operators are explicitly checked
for (i) their linear independence and (ii) their spin completeness for up to 10-fold substitutions and
up to a multiplicity of 2S + 1 = 11. A proof of concept implementation utilizing the generated
operators in a Coupled Cluster (CC) calculation was successfully applied to the high spin states
of the Boron atom. The results show pure spin states as well as small effects on the correlation
energy compared to spinorbital CC. A comparison to spin-adapted but spin-incomplete CC shows
a significant spin incompleteness error.
I. INTRODUCTION
The generalization of the Coupled Cluster (CC) [1, 2]
approach to high spin open-shell cases is an ongoing re-
search field, where a lot of progress has been made in the
last decades (see e.g. [3–26]).
It is well known (see e.g. [27]) that spin orbital imple-
mentations of open-shell CC may introduce spin contam-
inations into the CC wave function even if they are ap-
plied to references being proper spin eigenfunctions (e.g.
ROHF references). Through the incorporation of spin-
adapted (also referred to as spin-free) substitution op-
erators, all contaminations of the latter type can be re-
moved. This leads to pure spin states being exact Sˆ2
eigenfunctions. In terms of CI or CC calculations e.g.,
every substitution operator Tˆ for which[
Sˆ2, Tˆ
]
= 0 (1)
holds, conserves the total spin and therefore produces
exact spin eigenfunctions (implied that the reference is
a spin eigenfunction). Any such Tˆ may be called spin-
adapted. Spin adaption on itself does however not guar-
antee a sufficiently spanned spin space (i.e. spin com-
pleteness). As outlined in the following subsections, the
aim for open-shell Coupled-Cluster should always be to
reach spin adaption and spin completeness. The usage of
spin-adapted but spin-incomplete operators may lead to
errors in the final wave function.
In terms of open-shell Coupled Cluster, a clear distinction
can be made for substitution operators incorporating
(I) spin orbitals and
(II) spatial orbitals.
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For (I), one of the first contributions to the field of open-
shell CC was made by Mukherjee et al. [3] using spin
orbital (i.e. non-spin-adapted) operators at the cost of
spin contamination. Later, Szalay et al. [8] developed a
spin-restricted scheme, which ensures the correct Sˆ2 ex-
pectation value of the wavefunction eTˆ |Ψ0〉 by the inclu-
sion of spin equations. This leads to exact eigenfunctions
of Sˆ2 only, if spin equations for all CSFs are solved. Us-
age of the full CSF basis (for every possible S) however is
only feasible in the simplest cases such that the imposed
spin constraints are only followed in a truncated mani-
fold. This however, does not provide a rigorously spin-
adapted CC wave function. A comparison between spin-
restricted and spin-adapted implementations was given
by Heckert et al. [9]. Furthermore, explicitly correlated
and spin-restricted R12 CCSD was developed by Wilke
et al. [10]
In type (II) approaches, the Cluster operator itself is de-
fined such that it commutes with the Sˆ2 operator. One
of the first mentions of such a symmetry-adapted Clus-
ter operator was made by Nakatsuji et al. in the late
70s [5, 6]. In the early 90s Janssen et al. [12] derived
CCSD equations for high spin open-shell references ex-
plicitly pointing out that spectating indices are missing
in the work of Nakatsuji et al. These spectators lead
to non-vanishing Tˆ Hˆ and Tˆ Tˆ contractions in the Baker-
Campbell-Hausdorff expansion of e−Tˆ HˆeTˆ . The ansatz
of Janssen et al. for the Cluster operator is however lim-
ited to doublet spin states with a single unpaired elec-
tron since double spectating operators (e.g. Eˆvwabijvw ) re-
quired for spin completeness in triplet and higher cases
are missing. In the following year Neogrády et al. de-
veloped a linear CCSD [13] specifically spin-adapted for
doublet states. They augmented their implementation
to the non-linear CCSD terms [14] as well as to a non-
iterative correction for the triples [15].
A different ansatz for the spin-adapted Cluster operator
was followed by Li and Paldus. [16–20], who used ma-
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2chinery from unitary group theory to derive linear combi-
nations of spatial substitutions, which lead to orthonor-
mal CSFs when applied to the reference CSF. They de-
rived equations for linear CCSD [16] as well as full CCSD
[17] with special emphasis on simple doublet, triplet as
well as open-shell singlet cases. Their method was ap-
plied to the open-shell singlet state of the ozone molecule
[18] and extensively analysed for ROHF doublet [19] as
well as open-shell singlet and triplet [20] instabilities. A
further application of orthogonally spin-adapted CCSD
was given by Jankowski et al. with respect to van-der-
Wals interactions [21].
Already in 1978 Lindgren [7] suggested to approximate
the wave operator eTˆ by the normal-ordered
{
eTˆ
}
to
avoid contractions among different Cluster operators.
Recently this approximation was employed by Nooijen et
al. [11, 22] for the single-reference high spin open-shell
CCSD for doublet spin states as well as by Sen et al. [23]
for the spin-adapted state-universal MRCCSD ansatz.
Usually, normal-order is applied in CC theory as a math-
ematical tool to derive working equations, which turned
out identically without normal-order. Assuming the wave
operator itself to be normal-ordered however, neglects
any non-vanishing contractions in the latter. This may
lead to unknown implications on the wave function.
Recently, Datta et al. developed a spin-adapted combina-
toric open-shell CC (COSCC) for single reference CCSD
[24] and state-universal MRCCSD [25]. This ansatz as-
sumes a normal-ordered wave operator and reintroduces
contractions of spectating substitutions via a combina-
toric Cluster expansion. Quite recently Datta et al. [26]
developed an automated implementation of COSCCSD
for doublet spin states.
Current implementations of rigorously spin-adapted CC
methods seem to be limited by the doubles truncation
and the triplet spin state. From our perspective this is
due to two reasons:
(1) the appearance of spectating substitutions in the
Cluster operator leads to non-vanishing contrac-
tions among different Cluster operators such that
the BCH series does not truncate algebraically.
(2) spatial substitution operator sets beyond the dou-
bles truncation are in the general definition increas-
ingly linearly dependent and therefore bear a cer-
tain degree of ambiguity. They also need to be
reformulated for every quantum number S.
While (1) is merely complicating the derivation of work-
ing equations itself, (2) is in our opinion a greater chal-
lenge to overcome. In this work, we aim at presenting
a rigorous scheme to derive linearly independent and
spin-complete spin-adapted Cluster operators of arbi-
trary spatial substitution order for arbitrary high spin
states. In comparison to the Cluster operators of the
COSCC [24] or the orthogonally spin-adapted CC [17] ap-
proaches, our Cluster operator possesses a much simpler
form being composed of single spatial substitution oper-
ators only. This may simplify any computer-aided equa-
tion derivation and implementation processes needed to
arrive at an efficient open-shell CC implementation.
II. THEORY
In this section, a brief theoretical overview to the op-
erator generation scheme is given. After general defini-
tions of the terms spin adaption and spin completeness
in subsection IIA, subsection II B defines the linear de-
pendence as well as the spin completeness problem for
general (single) spatial substitution operators. In the fol-
lowing two subsections II C and IID, Löwdins projection
operator method to generate linearly independent and
complete sets of spin eigenfunctions is briefly introduced.
Finally, in subsection II E a short motivation on how to
use Löwdins method to generate spin-complete and lin-
early independent sets of spatial substitution operators
in the closed-shell as well as the more general high spin
open-shell case is given.
A. Spin Adaption and Spin Completeness
Given the Schrödinger equation,
Hˆ|Ψ〉 = E|Ψ〉 , (2)
in the non-relativistic framework it is
[Hˆ, Sˆz] = [Hˆ, Sˆ
2] = 0. (3)
Here, |Ψ〉 is an element of the linear space V (n, S, Sz)
with n, S, Sz denoting the number of electrons, the total
spin quantum number and the Sz spin projection, respec-
tively. Introducing a many-particle basis {|ΦI〉} the total
wavefunction |Ψ〉 may be represented as
|Ψ〉 =
∑
I
cI |ΦI〉 (4)
with cI ∈ C. Now (3) implies that an individual |ΦI〉may
be written in terms of the symmetric group approach [28]
as
|ΦI〉 = ξλIA[|λI〉 |OλI , S, Sz, νI〉] (5)
with ξλI ∈ R a scalar prefactor, |λI〉 the spatial part of
|ΦI〉 (→ configuration), OλI the number of open shells of
configuration |λI〉, and |O,S, Sz, ν〉 the spin eigenfunc-
tions fulfilling
Sˆz|O,S, Sz, ν〉 = Sz|O,S, Sz, ν〉 (6)
Sˆ2|O,S, Sz, ν〉 = S(S + 1)|O,S, Sz, ν〉 (7)
with ν ∈ {1 . . . f(O,S)} and f(O,S) the spin eigenfunc-
tion degeneracy depending on the number of open shells
3O (depending on |λ〉) and the total spin quantum num-
ber S. The degeneracy of Sˆ2 requires special attention
as it increases with the number of open shells in a con-
figuration due to anti-symmetry. While ensuring an ap-
proximate wavefunction |Ψ˜〉 to be an eigenfunction of Sˆz
is trivial, the matter is somewhat more involved for Sˆ2
particularly in the open-shell case and CC approaches.
The introduction of the previous notation now allows for
the two following concise definitions:
1. An approximate wavefunction |Ψ˜〉 for a given S and
Sz is called spin-adapted if
|Ψ˜〉 ∈ V (n, S, Sz). (8)
2. A linear space V˜ spanned by a basis B˜ = {|Φ˜I〉}
of Slater determinants is called spin-complete w.r.t.
S and Sz if
ls {|Φ˜I〉 | |λ˜I〉 = |Λ〉} = ls {A[|Λ〉 |OΛ, S, Sz, ν〉]},
∀|Λ〉∈B˜ , ν ∈ 1 . . . f(OΛ, S) (9)
with |Λ〉 ∈ B˜ iterating over all configurations in B˜.
Equation (8) states that there must be no components
from other Sz and S quantum numbers in the wavefunc-
tion while equation (9) states that for each configuration
appearing in B˜ there is a complete set of spin eigenfunc-
tions for that particular Sz and S which may be freely
linearly combined.
In the Configuration Interaction (CI) framework the ap-
proximate wavefunction is usually constructed as
|ΨCI〉 =
∑
I
cI |ΦI〉 (10)
which is readily spin-adapted and spin-complete when
chosing {|ΦI〉} to span V (n, S, Sz).
An alternative way of constructing the CI wavefunction
in intermediate normalization in terms of substitution
operators reads
|ΨCI〉 = (1 + Tˆ )|Φ0〉 (11)
introducing the substitution operator Tˆ (here we do not
explicitly distinguish Cˆ and and Tˆ for CI and CC, re-
spectively) containing weighted particle substitutions.
Assuming |Φ0〉 to be spin-adapted it is a matter of Tˆ if
the resulting |ΨCI〉 is spin-adapted and spin-complete (for
truncated Tˆ ). Spin adaption of |ΨCI〉 is readily achieved
by chosing Tˆ itself to be spin quantum number conserv-
ing, that is
[Tˆ , Sˆz] = [Tˆ , Sˆ
2] = 0. (12)
The latter is most easily achieved using spatial substitu-
tion operators (Eˆ operators) making no reference to the
spin. If applied to a closed-shell reference this ansatz (al-
though linearly dependent starting with triples) is also
spin-complete.
In contrast to CI, the CC ansatz refers to substitution op-
erators and products thereof explicitly. Its wavefunction
|ΨCC〉 is given by
|ΨCC〉 = eTˆ |Φ0〉 (13)
with |Φ0〉 the reference (zeroth order wavefunction) and
the Cluster operator Tˆ . The previous discussion for CI
w.r.t. to the choice of Tˆ is still valid. However, for CC
the use of substitution operators is mandatory while for
CI it was optional. Additionally, spin completeness does
apply to (truncated) CC wavefunctions within the non-
product space only. The restriction to non-product terms
is necessary here because the number of open shells and
their associated spin degeneracy may grow from product
terms. That is: the configuration generated by a product
substitution may require more spin eigenfunctions than
the product of the number of eigenfunctions generated by
the factor substitutions provides. In other words: spin
completeness for (truncated) CC does apply to its lin-
earized part only. Nevertheless, it is still important to
ensure.
Spin incompleteness constitutes a significant restriction
of function space for a given configuration (i.e. at a par-
ticular spatial substitution level) and is expected to have
a significant impact on the correlation energy. The aim
for open-shell CC should always be to reach spin adap-
tion and spin completeness.
B. Linear Dependency of Spatial Substitutions
A simple definition of spin-adapted substitution opera-
tors Eˆp...qr...s is given by the spin integration of spin orbital
substitution operators Xˆpσ1...qσmrσ1...sσm via
Eˆp...qr...s =
∑
σ1=α,β
· · ·
∑
σm=α,β
Xˆpσ1...qσmrσ1...sσm (14)
=
∑
σ1=α,β
aˆ†pσ1
. . .
 ∑
σm=α,β
aˆ†qσm aˆsσm
 . . .
 aˆrσ1 ,
(15)
where p . . . q and r . . . s denote spatial orbital indices with
spin indices σ1 to σm. Through index permutations of
the creators (p . . . q) and/or the annihilators (r . . . s), all
possible Eˆ operator compositions may be obtained. In
this work, we define Eˆ operator index permutations via a
permutation vector of two components. When applied to
an Eˆ operator, the upper component acts on the creators
while the lower component acts on the annihilators via(
Pˆ
Pˆ ′
)
Eˆp...qr...s = Eˆ
Pˆ (p...q)
Pˆ ′(r...s)
∀Pˆ ,Pˆ ′∈Sm (16)
with Sm being the symmetric group of order m. In total
there are (m!)2 possible Eˆ operator compositions. Due to
4the pair-wise spin summation, only the relative ordering
of annihilator (r . . . s) and creator (p . . . q) indices matters
such that m! operator compositions are trivially identical
with
Eˆp...qr...s =
(
Pˆ
Pˆ ′
)
Eˆp...qr...s ∀Pˆ=Pˆ ′ . (17)
Therefore, the remaining m! non-trivial Eˆ operators are
e.g. given by ⋃
Pˆ∈Sm
Eˆ
Pˆ (p...q)
r≤...≤s or
⋃
Pˆ∈Sm
Eˆp≤...≤q
Pˆ (r...s)
, (18)
where either the annihilators or the creators are sorted
in ascending order.
For any spatial substitution Eˆ, the number of linearly
independent operators, i.e. the minimal amount of op-
erators to span the complete spin space, is given by the
spin degeneracy f(O,S) (see e.g. [29]). The latter de-
pends on the number of open shells O as well as the spin
quantum number S with
f(O,S) =
(
O
O
2 − S
)
−
(
O
O
2 − S − 1
)
≤ m! . (19)
In general, the number of possible permutations m! is
larger than the number of linearly independent opera-
tors f(O,S). If the linearly dependent operators are not
removed, the spanned CI or CC wave function is over-
parametrized. This also produces linear dependencies
in the residual equations. Please note that closed-shell
CCSD or CISD resemble special cases, where f(O,S) is
identical to m! simplifying their treatment and imple-
mentation substantially.
In this work we intent to introduce a routine to systemat-
ically derive all permutations Pˆ leading to linearly inde-
pendent but full spin-space-spanning (i.e. spin-complete)
Eˆ operators.
C. The Projection Operator Method
Several techniques to generate spin eigenfunctions are
known in the literature (see e.g. [29]). In contrast
to iterative procedures, where the spin eigenfunctions
of smaller subsystems are expanded using the addition
theorem of angular momenta, the projection operator
method, originally introduced by Löwdin [30, 31], elim-
inates all components of an arbitrary trial function (in
the space spanned by the spin eigenfunctions), which do
not correspond to the correct S(S + 1) eigenvalue.
When applied to arbitrary trial functions θi, the operator
Sˆ2 −K(K + 1) will annihilate all spin eigenfunctions of
spin quantum number K. To only keep components of a
specific spin quantum number S, the product of annihi-
lation operators is used:
OˆS =
∏
K 6=S
Sˆ2 −K(K + 1)
S(S + 1)−K(K + 1) (20)
The denominator ensures that correct spin eigenfunctions
with spin quantum number S are unchanged. It is conve-
nient to use Sˆz eigenfunctions as trial functions. Consider
the sorted primitive Sˆz eigenfunction θ1 with
θ1 = α(1) . . . α(µ)β(µ+ 1) . . . β(µ+ ν) , (21)
Sˆzθ1 =
1
2
(µ− ν)θ1 = Szθ1 . (22)
It was shown [30] that the projected spin eigenfunction
Θ1 for the high spin case S = Sz gained from the appli-
cation of OˆS=Sz to θ1 is given by
Θ1 = OˆS=Szθ1 (23)
=
2S + 1
µ+ 1
ν∑
q=0
(−1)q
(
µ
q
)−1 [
αµ−qβq
] [
αqβν−q
]
,
(24)
where square brackets
[
αaβb
]
are used to denote the sum
of all possible primitive spin functions with a α-functions
and b β-functions. As an example consider the term[
α2β
]
with[
α2β
]
= α(1)α(2)β(3) + α(1)β(2)α(3) + β(1)α(2)α(3).
For a given Sz quantum number, all primitive Sˆz eigen-
functions possess the same number of α particles and the
same number of β particles. Therefore, they are con-
nected by simple particle permutations. For a given set
of n primitive Sˆz eigenfunctions {θ1, . . . , θn}, we define
the permutation operator Pˆ ji to relate eigenfunctions θi
and θj via
Pˆ ji θi = θj .
Due to the fact that arbitrary particle permutations Pˆ ji
commute with the projection operator OˆS=Sz [29], the
projection of an arbitrary primitive spin function θi can
be written as
Θi = OˆS=Szθi = OˆS=Sz Pˆ
i
1θ1 = Pˆ
i
1Θ1 . (25)
It was shown [32] that the complete set of (non-
orthogonal, high spin) spin eigenfunctions Θi is obtain-
able via these particle permutations. Once a single spin
eigenfunction is found (e.g. Θ1 via equation 24), all other
spin eigenfunctions may be gained through particle per-
mutations.
D. Löwdins Method to Select Linearly
Independent Eigenfunctions
With increasing number of particles, the total number of
particle permutations Pˆ ji may get larger than the num-
ber of linearly independent spin eigenfunctions. As one
is generally interested in the linearly independent spin
eigenfunctions only, Löwdin developed a scheme [30, 31]
5θ1 = αααββ
Sz
n
+1
2
+1
+3
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−
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Figure 1. Path diagrams for all primitive spin functions for n = 5 and Sz = 12 . Line segments below the Sz = 0 reference line
are displayed in red.
to select only those permutations, which lead to linearly
independent and complete spin eigenfunctions Θi, which
was later proven by Gershgorn [32].
Any primitive Sˆz eigenfunction θi can be visualized as a
distinct path diagram, where each α corresponds to a line
segment pointing in the direction of +45◦ (up) and each
β to a line segment pointing in the direction of −45◦
(down). Consider e.g. all primitive spin functions for
n = 5 and Sz = + 12 as displayed in Figure 1.
For the high spin case (S = Sz), the collection of path di-
agrams whose line segments lie entirely above the Sz = 0
reference axis lead to linearly independent spin eigenfunc-
tions. In the given example (Figure 1), primitive spin
functions θ1 – θ3 and θ5 – θ6 show this behaviour. Ac-
cording to equation (25), the permutations shown in table
I lead to a set of linearly independent spin eigenfunctions
when applied to Θ1. Individual particle transpositions of
particles x and y are denoted by (x, y).
This leads to the complete basis B of spin eigenfunctions
with
B =

Θ1
Pˆ 21 Θ1
Pˆ 31 Θ1
Pˆ 51 Θ1
Pˆ 61 Θ1

.
E. Application to General Eˆ Operators
In the following two subsections the application of
Löwdins method to general types of Eˆ operators to sys-
tematically derive linear independent index permutations
is developed. After discussing the simpler closed-shell
Table I. Permutations Pˆ i1 leading to linearly independent spin
eigenfunctions for n = 5 and S = Sz = 12 .
Primitive spin function Permutation Pˆ i1
θ1 = αααββ Pˆ
1
1 = 1ˆ
θ2 = ααβαβ Pˆ
2
1 = (3, 4)
θ3 = αβααβ Pˆ
3
1 = (2, 4)
θ5 = ααββα Pˆ
5
1 = (3, 5)
θ6 = αβαβα Pˆ
6
1 = (2, 5)
case, the method is generalized to arbitrary high spin
open-shell systems.
1. Closed-Shell Reference
For arbitrary closed-shell systems, the common index no-
tation for occupied O, virtual V and joined O∪V spatial
orbital spaces is used:
i, j, k, . . . ∈ O
a, b, c, . . . ∈ V
p, q, r, . . . ∈ O ∪ V
Any closed-shell reference determinant for µ α and ν β
electrons with µ = ν may be written as
|Ψ0〉 = |i1i1 . . . iµiµ〉 =
√
n!Aˆ [Φ(1 . . . n)Θ(1 . . . n)] ,
(26)
where over-lined indices denote β electrons and not over-
lined indices α electrons, n = 2µ denotes the number
of particles, Φ the spatial part of the determinant, Θ
its spin part (the spin eigenfunction) and Aˆ denotes the
6antisymmetrizer with
Aˆ = 1
n!
∑
Pˆ∈Sn
(−1)p(Pˆ )Pˆ , (27)
where p(Pˆ ) denotes the parity of permutation Pˆ . In gen-
eral, particle permutations Pˆ effect both spatial and spin
parts such that
Pˆ = PˆΦPˆΘ (28)
where PˆΦ acts on the spatial part Φ and PˆΘ on the spin
part Θ, only.
Due to the abundance of open shells in |Ψ0〉 and the spin
quantum number S = 0, the corresponding configura-
tional spin space is singly degenerate since
f(0, 0) =
(
0
0
)
−
(
0
−1
)
= 1 .
Therefore, all spin eigenfunctions Θi from projected
primitive spin functions θi (in the correct Sz = 0 space)
lead to linearly dependent reference determinants when
combined with the closed-shell spatial part Φ and anti-
symmetrized. For convenience, we choose Θ to be
Θ = OˆS=Sz=0α(1)β(2) . . . α(n− 1)β(n) . (29)
Arbitrary spatial substitutions Eˆa1...ami1≤...≤im applied to (26)
do not act on the spin part Θ. Since they commute with
the antisymmetrizer [29], they will only affect the spatial
part Φ with
Eˆa1...ami1≤...≤im |Ψ0〉 =
√
n!Aˆ
[(
Eˆa1...ami1≤...≤imΦ(1 . . . n)
)
Θ(1 . . . n)] , (30)
At this point, several closed shells of |Ψ0〉 may be opened
(through the application of Eˆ to Φ). Despite any changes
to the actual spin eigenfunction Θ, the latter will adapt to
the new spatial part by possibly creating different spin
eigenfunctions in the total CSF (through means of the
antisymmetrizer).
From Löwdins method (subsection IID) all particle per-
mutations leading to linearly independent spin eigenfunc-
tions for a given number of created open shells are known.
In the following, these permutations are denoted by PˆΘ(i).
For the given spatial substitution Eˆa1...ami1≤...≤im , which leads
to a total of O open shells, the f = f(O, 0) necessary
linearly independent CSFs are therefore given by
|Ψa1...ami1...im 〉
(1)
=
√
n!Aˆ
[(
Eˆa1...ami1≤...≤imΦ
)
Θ
]
|Ψa1...ami1...im 〉
(2)
=
√
n!Aˆ
[(
Eˆa1...ami1≤...≤imΦ
)
PˆΘ(2)Θ
]
...
|Ψa1...ami1...im 〉
(f)
=
√
n!Aˆ
[(
Eˆa1...ami1≤...≤imΦ
)
PˆΘ(f)Θ
]
.
Using equation (28) for each CSF |Ψa1...ami1...im 〉
(i), it is
|Ψa1...ami1...im 〉
(i)
=
√
n!Aˆ
[(
Eˆa1...ami1≤...≤imΦ
)
PˆΘ(i)Θ
]
=
√
n! AˆPˆ(i)︸ ︷︷ ︸
Aˆ
[((
PˆΦ(i)
)−1
Eˆa1...ami1≤...≤imΦ
)
Θ
]
=
√
n!Aˆ
[((
PˆΦ(i)
)−1
Eˆa1...ami1≤...≤imΦ
)
Θ
]
.
The spin particle permutation PˆΘ(i) can be expressed by
the inverse spatial particle permutation
(
PˆΦ(i)
)−1
applied
to the spatial part Eˆa1...ami1≤...≤imΦ. This spatial permutation
may be adopted to the Eˆ operator at hand by either
permuting the annihilator or the creator indices. Further
details of this technique will be given in section III.
As an example consider the two-fold substitution
Eˆabij |iijj〉 = |ijab〉+ |ijab〉 − |ijab〉 − |ijab〉 ,
creating four open shells in the final CSF. The corre-
sponding spin degeneracy is f(4, 0) = 2. The primitive
spin functions whose path diagrams lie entirely above the
Sz = 0 reference axis are given by{
θ1 = αβαβ
θ2 = ααββ = (2, 3)θ1
}
,
where θ1 was arbitrarily chosen to resemble the determi-
nant’s short hand notation (29). This leads to the CSFs
|Ψabij 〉
(1)
=
√
4!Aˆ
[(
Eˆabij |i(1)〉 |i(2)〉 |j(3)〉 |j(4)〉
)
Θ1
]
= Eˆabij |iijj〉 ,
|Ψabij 〉
(2)
=
√
4!Aˆ
[(
Eˆabij |i(1)〉 |i(2)〉 |j(3)〉 |j(4)〉
)
(2, 3)Θ1
]
=
√
4!Aˆ
[(
(3, 2)Eˆabij |i(1)〉 |i(2)〉 |j(3)〉 |j(4)〉
)
Θ1
]
.
The spatial particle permutation (3, 2) is translatable to
the spatial orbital index permutation (j, i) through the
orbital↔particle mapping of the spatial reference config-
uration |i(1)〉 |i(2)〉 |j(3)〉 |j(4)〉 and can be absorbed into
the Eˆabij operator to yield
|Ψabij 〉
(2)
=
(
1ˆ
(j, i)
)
Eˆabij |iijj〉 = Eˆabji |iijj〉
= |ijab〉+ |ijab〉 − |ijab〉 − |ijab〉 ,
which is clearly linearly independent to |Ψabij 〉(1). Please
note that the transformation of spin particle to spatial or-
bital permutations is not always as trivial as this example
might indicate. Detailed rules to this transformation are
given in section III.
72. High Spin Open-Shell Reference
In the general S = Sz high spin open-shell case, index
notations according to Figure 2 are used.
.
.
.
.
.
.
.
.
.
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
i, j, k . . . ∈ O
v, w, x . . . ∈ A
a, b, c . . . ∈ V
p1, p2 . . .
∈ O ∪ A
q1, q2 . . .
∈ A ∪ V
Figure 2. Index notations for the general S = Sz high spin
case used in this work.
To achieve spin completeness, it is mandatory to use
overlapping annihilator p1, p2 . . . ∈ O ∪ A and creator
q1, q2 . . . ∈ A ∪ V spaces in the sense that all singly
occupied spatial orbitals v, w, x, . . . can be thought of
as elements of an active space A. Arbitrary reference
determinants |Ψ0〉 of no doubly occupied orbitals and
na singly occupied orbitals (with α electrons) such that
n = 2no + na then take the form
|Ψ0〉 = |i1i1 . . . inoinov1 . . . vna〉 (31)
=
√
n!Aˆ [Φ(1 . . . n)Θ(1 . . . n)] . (32)
The configurational spin degeneracy is given by
f
(
na,
na
2
)
=
(
na
0
)
−
(
na
−1
)
= 1 . (33)
Following the same argument as in the closed-shell case,
we may choose Θ to be a projected primitive spin func-
tion θ with
θ = α(1)β(2) . . . α(2no − 1)β(2no)α(2no + 1) . . . α(n) .
(34)
General Eˆq1...qmp1≤...≤pm operators may create additional ∆O
open shells in the na open-shell reference. The f =
f(na + ∆O,na/2) linearly independent CSFs are given
by
|Ψq1...qmp1...pm〉(1) =
√
n!Aˆ
[(
Eˆq1...qmp1≤...≤pmΦ
)
Θ
]
(35)
|Ψq1...qmp1...pm〉(2) =
√
n!Aˆ
[((
PˆΦ(2)
)−1
Eˆq1...qmp1≤...≤pmΦ
)
Θ
]
(36)
...
|Ψq1...qmp1...pm〉(f) =
√
n!Aˆ
[((
PˆΦ(f)
)−1
Eˆq1...qmp1≤...≤pmΦ
)
Θ
]
.
(37)
Depending on the number of open shells na in the refer-
ence determinant and the number of additionally created
open shells ∆O of the specific Eˆ operator, further spec-
tating index pairs might enter the operators via
(
PˆΦ(i)
)−1
.
These spectators allow for additional permutational free-
dom necessary to complete the spin space. In general,
for every ∆O multiple of two (will be generally shown in
section III), one additional spectator vi → vi must enter
the operator as we shall see in the following example.
Consider the same example substitution Eˆabij as in the
closed-shell case (subsection II E 1) applied to a reference
with one open shell (S = 12 ) via
Eˆabij |iijjv〉 = + |ijvab〉+|ijvab〉−|ijvab〉−|ijvab〉 . (38)
In contrast to f(4, 0) = 2 in the closed-shell case, the
spin degeneracy is now given by
f
(
5,
1
2
)
=
(
5
2
)
−
(
5
1
)
= 5 . (39)
The corresponding primitive spin functions whose path
diagrams lie entirely above the Sz = 0 reference axis are
given by (c.f. Figure 1)
θ1 = αβαβα
θ2 = ααββα = (2, 3)θ1
θ3 = αβααβ = (4, 5)θ1
θ4 = ααβαβ = (2, 3)(4, 5)θ1
θ5 = αααββ = (2, 5)θ1

. (40)
To incorporate the inverse spatial particle permutations
of (40) into the Eˆabij operator, the latter permutations
need to be transformed to spatial orbital permutations.
As in the closed-shell example, this can be done by means
of the orbital↔particle mapping of the spatial reference
configuration |i(1)〉 |i(2)〉 |j(3)〉 |j(4)〉 |v(5)〉. Any particle
permutation involving particle index five indicates a per-
mutation of the spatial orbital v. Since v is not part of
the original Eˆabij operator, it has to be augmented to Eˆabvijv .
This leads to the final linearly independent Eˆ operators
(j, i)Eˆabvijv = Eˆ
ab
ij
(j, i)Eˆabvijv = Eˆ
ab
ji
(v, j)Eˆabvijv = Eˆ
abv
ivj
(v, j)(j, i)Eˆabvijv = Eˆ
abv
vij
(v, i)Eˆabvijv = Eˆ
abv
vji

. (41)
8III. METHODOLOGY
In this section, details of the generation of linearly inde-
pendent spatial substitution operators Eˆ are given. Fol-
lowing the general structure shown in Figure 3, all neces-
sary steps to arrive at a final set of operators are outlined
in subsections IIIA to IIID:
Prototype
Eˆabcciijk
Spin-Particle Permutation
αβαβαα
αβαααβ
ααββαα
ααβααβ
αααβαβ
ααααββ
=
=
=
=
=
=
θ1
(4, 6)θ1
(2, 3)θ1
(2, 3)(4, 6)θ1
(2, 6)θ1
(2, 5)(4, 6)θ1
Spin Particle −→ Spatial Orbital Mapping
i j k v w
a b c v w
α(1)β(2) α(3)β(4) α(5) α(6)
Final Operator Set with Canonical Index Ordering{ {
Eˆabcciijk ; Eˆ
abcc
jiik
}
∪
{
Eˆabccviivkj ; Eˆ
abccv
vijki ; Eˆ
abccv
viikj
∣∣∣ v ∈ A}
∪
{
Eˆabccvwviwkij
∣∣∣ v < w ∈ A}
∣∣∣∣ i < j < k ∈ O ∧ a < b < c ∈ V
}
Step III A
Step III B
Step III C
Step III D
Figure 3. Flowchart diagram showing the route from oper-
ator prototype to final set of linearly independent operators
for one example.
(IIIA) All different types of Eˆ operators for a given sub-
stitution rank need to be derived. This includes all
operators leading to distinct spatial functions in the
resultant CSF to reach spatial completeness. Each
different operator type will be denoted by a specific
Eˆ prototype. Operators leading to the same spatial
function (but e.g. a different spin function) must
not be included in the prototype derivation since
they will be explicitly derived later.
(III B) The next step is the generation of spin particle per-
mutations of primitive spin functions that lead to
linearly independent spin eigenfunctions when pro-
jected according to Löwdins method (c.f. II D).
(III C) Following the generation of all prototypes and spin
particle permutations, explicit mappings from spin
particle to spatial orbital permutations need to be
given. In this work this mapping problem is rede-
fined as a topological problem.
(IIID) Finally, the resultant operators need to be gathered
into sets with canonical index ordering.
A. Prototype Generation
The aim of the Eˆ prototype generation is to create all
possible spatial substitution patterns leading to different
spatial functions Φ for arbitrary high spin references. In
this work, an iterative approach was developed, where a
known set of Eˆ prototypes of a certain rank m is aug-
mented to a prototype set of rank m + 1 using explicit
index augmentations. Employing the index notation of
subsection II E 2, the initial set Pm for m = 1 consists of
the three prototypes
P1 =
{
Eˆai ; Eˆ
v
i ; Eˆ
a
v
}
, (42)
containing all single substitutions from O to V, from O to
A and from A to V. These three also represent the pos-
sible building blocks for a rank augmentation. If the an-
nihilators of arbitrary Eˆ operators are assumed to be or-
dered, the options for allowed index augmentations from
the right are limited. An occupied index i in the annihi-
lator space must then e.g. always be followed by (i) the
same index i, (ii) a higher index j > i or (iii) a new active
index v, while an active index v in the annihilator space
can only be followed by a higher active index w > v.[33]
Unfortunately, there is no such restriction on the creator
indices. The creator indices represent arbitrary subsets
of A ∪ V.
To generate all prototypes leading to distinct spatial
functions, the following routine was implemented:
(a) Start with an initial set of prototypes Pm of rank
m.
(b) For all operators Eˆ in Pm:
(i) Analyze the rightmost annihilator/creator
pair of Eˆ and apply all possible index aug-
mentations to the right while keeping the set
of all annihilating indices ordered.
9(ii) Iterate over all permutations of the symmet-
ric group Sm and permute the set of creators
accordingly.
(iii) Check if the augmented and permuted opera-
tor is zero.
False: proceed to (iv)
True: continue
(iv) Insert augmented operator into Pm+1 if not
already contained.
B. Spin Particle Permutation
After having generated all spatial substitutions, which
lead to a spatial-complete set of distinct spatial functions,
i.e. the Eˆ-prototypes, the actual primitive spin functions
that lead to a set of linearly independent spin eigenfunc-
tions when projected according to Löwdins method (c.f.
subsection IID) need to be generated.
To achieve spin completeness, a total of f(O,S) (c.f.
equation 19) linearly independent CSFs (and therefore
Eˆ operators) per spatial configuration are mandatory.
Clearly, this number depends on the number of open
shells O (as well as the constant spin quantum number S)
only. For a given operator prototype, the amount of re-
quired spin-complete operators depends on any changes
in the total number of open shells ∆O caused by the
application of the latter prototype to the reference deter-
minant.
In general, the required f(∆O + 2S, S) primitive spin
functions (above the Sz = 0 reference axis) for Löwdins
method are given for primitive spin functions composed
of e.g.
(i) ∆O2 αβ pairs and
(ii) 2S single α particles to set the correct S = Sz.
Please note that (i) and (ii) can result in primitive spin
functions composed of fewer particles than actually con-
tained in the respective reference determinant. This
is because only the particles representing additionally
opnened shells as well as the particles constituting the
spin quantum number S = Sz need to be represented
here.
To motivate this, consider for example the prototype
Eˆavij . This prototype moves two particles from two dou-
bly occupied orbitals i and j to the virtual orbital a as
well as the singly occupied orbital v. An appropriate
high spin reference determinant |Ψ0〉 must therefore be
composed of at least five particles with
|Ψ0〉 = |. . . ii . . . jj . . . v . . .〉 .
Considering the simplest (five particle) reference, the ap-
plication of Eˆavij to the latter leads to
Eˆavij |iijjv〉 = |ijvva〉 − |ijvva〉 ,
for which ∆O = 3− 1 = 2 such that the spin degeneracy
is given by
f
(
2 + 1,
1
2
)
=
(
3
1
)
−
(
3
0
)
= 2 .
Clearly, the five particle primitive spin function αβαβα
resembling the short hand notation of the reference de-
terminant, would lead to too many (f(5, 12 ) = 5) spin
particle permutations. Due to the closed shell jj being
only moved to the new closed shell vv, it is not increasing
the number of open shells and therefore not increasing the
spin degeneracy at all. Only the number of closed shells
actually opened (additionally to the already present open
shells) needs to be represented in the primitive spin func-
tion. In this example this leads to the primitive spin
functions (above the Sz = 0 reference axis)
θ1 = αβα
θ2 = ααβ ,
composed of ∆O2 = 1 αβ pair as well as one additional
α (to account for S = 12 ). How to map the specific spin
particles to spatial orbitals will be discussed in the next
subsection. Here we shall only focus on the generation of
primitive spin functions.
For a given initial spin function θ1, the problem of finding
all primitive spin functions, that lead to a set of linearly
independent spin eigenfunctions when projected, breaks
down to finding all primitive spin functions that
(i) have the same number of α’s and β’s as θ1 to con-
serve Sz and
(ii) always contain at least n α’s before a block of n
β’s to ensure that all path diagrams are completely
above the Sz = 0 reference axis.
A simple algorithm incorporating (i) and (ii) works fine
with arbitrary numbers of active electrons 2S. Every
single one of them participates one α electron at the end
of θ1, which may be interchanged with all β electrons.
Therefore, this procedure will lead to specific permuta-
tions incorporating all 2S active indices explicitly. The
generated Eˆ operators built using these permutations are
only valid for up to 2S active indices. Any calculation
involving higher quantum numbers will need additional
operator generation. To achieve operators valid for ar-
bitrary spin quantum numbers, we followed an improved
generic approach:
A generic algorithm for arbitrary spin quantum numbers
S was developed where only the minimal number of non-
redundant active indices per operator prototype is ex-
plicitly accounted for. Given the same example of the
operator prototype Eˆavij , this technique is motivated:
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

∈ O
∈ A
∈ V
i
j
v
w
a
|ii . . . jj . . . vw . . .〉Eˆavij = |i . . . j . . . vvw . . . a〉 − |i . . . j . . . vvw . . . a〉
(I) Member
(III) Member
(II) Irrelevant member
(IV) Potential spectator
Figure 4. Spatial substitution Eˆavij applied to an examplatory reference determinant depicted by orbital occupation schemes.
The labels (I) to (IV) are used to distinguish between different particle substitution paths.
Consider the application of Eˆavij to an examplatory ref-
erence determinant as depicted in Figure 4. Depending
on the substitution path of different particles, we may
distinguish between:
(I) Doubly occupied spatial orbitals opened through
the substitution into an empty spatial orbital.
(II) Doubly occupied spatial orbitals remaining doubly
occupied or being shifted to another spatial orbital.
(III) Singly occupied spatial orbitals (part of the active
space A) moved by the applied spatial substitution
operator.
(IV) Singly occupied spatial orbitals (part of the active
space A) remaining untouched by the applied spa-
tial substitution operator.
In this work, the orbitals of paths (I), (II) and (III) are
labeled members since they are explicitly appearing in
the applied prototype (here Eˆavij ). As mentioned before,
only the number of open shells (∆O + 2S) determines
the spin degeneracy. Therefore, path (II) (not affecting
∆O nor 2S) is irrelevant for the spin degeneracy and may
be neglected in the primitive spin function generation for
Löwdins method. Path (IV) is composed of unchanged
singly occupied spatial orbitals, which are therefore la-
beled potential spectators. While having no impact on
∆O, an increased number of potential spectators leads
to an increased spin quantum number and must there-
fore be taken into account.
To gain operator sets, which are correct for arbitrary spin
quantum numbers, the minimal required amount of po-
tential spectators per operator prototype needs to be de-
termined. In Table II, all primitive spin functions for an
increasing amount of potential spectators for the opera-
tor prototype Eˆavij are shown together with the respective
Eˆ operators these functions would lead to. All primitive
spin functions are split into
(i) its member part containing the (∆O2 = 1) αβ pair
for substitution path (I) as well as one single α
particle for path (III) and
(ii) its increasing potential spectator particles α resem-
bling path (IV).
Please note that the inverse spatial orbital permutations
were applied in the annihilator space (ijvw . . .) possibly
breaking the annihilator ordering of the prototype.
With an increasing amount of potential spectators (re-
sembling an increasing spin quantum number S = Sz),
the number of α electrons in the reference as well as the
primitive spin function increases. In the doublet case
(S = 12 ), there are no potential spectators and therefore
only two possible spin functions leading to two opera-
tors are found. This picture changes in the triplet case
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Table II. Primitive spin functions for an increasing amount of
potential spectators (i.e. an increasing spin quantum number
S) for the generation of linearly independent index permuta-
tions of the operator prototype Eˆavij .
Spin Function
S Reference Member Spectator Operator
(I) (III) (IV)
1
2
a |iijjv〉 αβ α Eˆ
av
ij
αα β Eˆavji
1 |iijjvw〉
αβ α α Eˆavij
αα β α Eˆavji
αα α β Eˆavwwji
3
2 |iijjvwx〉
αβ α αα Eˆavij
αα β αα Eˆavji
αα α βα Eˆavwwji
}
∀w 6=v∈AEˆavwwji
αα α αβ Eˆavxxji
2 |iijjvwxy〉
αβ α ααα Eˆavij
αα β ααα Eˆavji
αα α βαα Eˆavwwji
∀w 6=v∈AEˆavwwjiαα α αβα Eˆavxxji
αα α ααβ Eˆavyyji
a The fragmentation into members (I) and (III) as well as
potential spectators (IV) for the doublet case is explicitly
shown in Figure 4.
(S = 1), where a new additional function (αααβ) leads
to the augmented operator Eˆavwwji including the specta-
tor index w. In the following quartet (S = 32 ), quintet
(S = 2), etc. cases, only repeated transpositions of the
single β electron with all potential α spectator electrons
arise. These do not lead to fundamentally new operators.
they only produce the same type of operator (Eˆavwwji ) for
the increasing active space A \ {v} = {w, x, y, . . .}. To
fully determine all possible primitive spin functions (for
arbitrary S) it is therefore sufficient to consider ∆O2 po-
tential spectators only. Furthermore, only primitive spin
functions with differing member parts need to be taken
into account. All functions containing identical member
parts can be taken care of by an index iteration in the ac-
tive space. Since this iteration requires special care wrt.
active indices entering the prototypes from different aug-
mentations, it will be discussed seperately in subsection
IIID.
To further clarify the primitive spin function generation,
consider the following examples explicitly showing all
primitive spin functions (required and omitted) for dif-
ferent operator prototypes:
(1) Eˆabccijjk of type ∆O = 4
Function Permutation Operator
αβαβ αα −→ () −→ Eˆabccijjk
αβαα βα −→ (j, v) −→ Eˆabccvivjkj
αβαα αβ
ααββ αα −→ (i, j) −→ Eˆabccjijk
ααβα βα −→ (j, v)(i, j) −→ Eˆabccvvijkj
ααβα αβ
αααβ βα −→ (i, v) −→ Eˆabccvvjjki
αααβ αβ
αααα ββ −→ (i, v)(j, w) −→ Eˆabccvwvwjkij
Due to the the additionally created open shells
∆O = 4, two potential spectators resembling in-
dices v and w need to be introduced. Furthermore,
the size of the member part is four. All primitive
spin functions, which contain the exact same mem-
ber part of another primitive spin function can be
neglected (they need to be taken care of by further
index iteration).
(2) Eˆabccvijjkk of type ∆O = 2
Function Permutation Operator
αβα α −→ () −→ Eˆabccvijjkk
ααβ α −→ (i, j) −→ Eˆabccvjijkk
ααα β −→ (i, w) −→ Eˆabccvwwjjkki
In this case, the operator creates two additional
open shells. Due to the explicit occurrence of the
active index v in the prototype, the member part
is composed of three particles. Furthermore, one
potential spectator resembling index w needs to be
introduced. All three primitive spin functions have
differing member parts and are therefore manda-
tory.
(3) Eˆabcijv of type ∆O = 4
Function Permutation Operator
αβαβα αα −→ () −→ Eˆabcijv
αβααβ αα −→ (j, v) −→ Eˆabcivj
αβααα βα −→ (j, w) −→ Eˆabcwiwvj
αβααα αβ
ααββα αα −→ (i, j) −→ Eˆabcjiv
ααβαβ αα −→ (j, v)(i, j) −→ Eˆabcvij
ααβαα βα −→ (j, w)(i, j) −→ Eˆabcwwivj
ααβαα αβ
αααββ αα −→ (i, v) −→ Eˆabcvji
αααβα βα −→ (i, w) −→ Eˆabcwwjvi
αααβα αβ
ααααβ βα −→ (i, v)(j, w) −→ Eˆabcwvwij
ααααβ αβ
ααααα ββ −→ (i, w)(j, x) −→ Eˆabcwxwxvij
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In this last example, four additional open shells are
created such that an augmentation by two poten-
tial spectators (w and x) is necessary. There is
one explicitly occurring active index v leading to
a member part of size five. Again, all primitive
spin functions, which contain the exact same mem-
ber part of another primitive spin function can be
neglected.
C. Spin Particle −→ Spatial Orbital Mapping
One of the central parts of this work is the conversion
from spin particle permutations (occurring from Löwdins
method c.f. section IID) to spatial orbital permuta-
tions via the spatial high spin reference configuration.
As stated before, it is possible to do the conversion by
solving a topological problem. To tackle this problem,
specific diagrams, which we will call substitution path
diagrams, are useful.
For arbitrary spin orbital Xˆ or spatial orbital Eˆ substitu-
tion operators, it is possible to define a substitution path
diagram (SPD), where annihilated indices are connected
to created indices from below by single arrows facing up-
wards. In case of the usual single reference spin orbital
CC, all occurring substitution operators may be cast into
the form
Xˆ a˜<b˜<c˜<...
i˜<j˜<k˜<...
,
where a tilde shall denote spin orbital indices. Therefore,
the corresponding SPDs always take the form
i˜ j˜ k˜
a˜ b˜ c˜
· · ·Xˆ a˜<b˜<c˜<...
i˜<j˜<k˜<...
=
.
For any ν-fold substitution, there are ν disconnected di-
agram fragments consisting of single lines. This trivial
picture changes, if spin-adapted prototypes Eˆ are consid-
ered. Arbitrary Eˆ prototypes (according to the routine
described in subsection IIIA) possess the form
Eˆq1...qνp1≤...≤pν ,
where index notations according to subsection II E 2 were
used. Due to the smaller equal relation in the annihila-
tor space and the absence of any relation in the creator
space, the spatial indices p1 . . . pν and q1 . . . qν may have
multiple occurrences in the corresponding SPDs. All Eˆ
prototype SPDs can easily be assigned to the number of
open shells ∆O additionally created by the latter oper-
ator (when applied to the appropriate high spin refer-
ence). In Table III, a few example SPDs sorted by ∆O
are shown.
Table III. Exemplary substitution path diagrams (SPDs) for
different Eˆ prototypes sorted by the number of open shells
∆O created when applied to the appropriate reference CSF.
∆O Substitution path diagrams
0
i
Eˆvi
v
Eˆav
i
Eˆaaii
v a a
, , · · ·
2
i i j i
Eˆai Eˆ
aa
ij Eˆ
ab
ii
a a a b
, , · · ·
4
i j i j k i j
a b a b a b c
Eˆabij Eˆ
abb
ijk Eˆ
abc
ijj
, , · · ·
The almost trivial assignment to the corresponding ∆O
level is due to the fact that each SPD always consists
of ∆O2 disconnected fragments, which create additional
open shells. As stated in the last subsection III B,
primitive spin functions from the application of Löwdins
method need to consist of ∆O2 pairs of α and β electrons
giving rise to an anchor point to map spin particle per-
mutations to spatial orbital permutations.
Before several examples of this procedure are presented,
we would like to show that arbitrary SPDs contain ex-
actly ∆O2 disconnected fragments, which create addi-
tional open shells:
The number of additional open shells ∆O generated by
a specific operator Eˆq1...qνp1...pν is given by
∆O = O
(
Eˆq1...qνp1...pν |Ψ0〉
)
−O (|Ψ0〉) ,
where O(x) shall denote the absolute number of open
shells of CSF x and |Ψ0〉 shall be an appropriate reference
CSF. For any operator Eˆq1...qνp1...pν , it is
Eˆq1...qνp1...pν =
∏
i
Eˆ
{q}i
{p}i
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where {p}i and {q}i denote subsets of {p1 . . . pν} and {q1 . . . qν}, respectively with
· · ·
· · ·
i
a
Eˆai
i
a
j
Eˆaaij
a
i
b
Eˆabii
i
a
j
b
Eˆaabijj
a
i
b
j
Eˆabbiij
i
a
j
b
k
Eˆaabbijjk
a
i
b c
j
Eˆabbciijj
Figure 5. Augmentation („snaking“) of the exemplary SPD of Eˆai starting with occupied indices (red) and virtual indices
(blue).
{{p}i ∪ {q}i} ∩ {{p}j ∪ {q}j} = ∅ ∀i 6=j .
All of these fragments possess individual disconnected
SPDs. Furthermore, ∆O is additive with
∆O =
∑
i
∆oi (43)
for
∆oi = O
(
Eˆ
{q}i
{p}i |Ψ0〉
)
−O (|Ψ0〉) .
In general it is
∆oi ∈ {0, 2} ∀i (44)
since
(i) the particle number is conserved such that ∆oi
must be even,
(ii) |Ψ0〉 is a high spin reference such that ∆oi ≥ 0 and
(iii) no single fragment of type ∆oi > 2 is possible.
While (i) and (ii) are trivial, (iii) needs to be shown in
greater detail. Consider the simplest ∆oi = 2 fragment
Eˆai as visualized in Figure 5 on the left. If a single frag-
ment of type ∆oi ≥ 4 was possible, the fragment Eˆai
must be augmentable in some fashion to reach higher
∆oi values while keeping its connectivity intact. Any
connected augmentation of Eˆai is possible via (1) dou-
bling the annihilator i or (2) doubling the creator a. De-
pending on the initially doubled index, two augmentation
routes (visualized in Figure 5) are possible. Please note
that augmentations to active indices are not considered,
since they would decrease the ∆oi level to 0 as in e.g.
Eˆavii or Eˆaaiv . There can be no more than two incoming or
outgoing lines per index since every spatial orbital can
contain two electrons at most. In Figure 5, both aug-
mentation routes show a „snaking“ behavior in which the
total number of additionally created open shells stays
constant at 2 (countable through the number of single
line endings). Therefore, an augmentation to a single
fragment of ∆oi > 2 is impossible.
Due to (43) and (44), it is
∆O
2
=
∑
i
∆oi
2
=
∑
i
2ni
2
with ni ∈ {0, 1}
=
∑
i
ni = #(ni = 1 ∀i) ,
where #(ni = 1 ∀i) denotes the amount of ∆oi = 2
fragments in the operator. This completes the proof that
each Eˆ operator must contain exactly ∆O2 disconnected
SPD fragments i of type ∆oi = 2.
To map these fragments to spin particle permutations, all
fragments i of type ∆oi = 2 are assigned to inidividual
αβ pairs. The remaining fragments j of type ∆oj =
0 are (i) not mapped at all or (ii) mapped to single α
particles if they contain an acitve index. Hereby, the
assignment of single fragments to αβ pairs or single α
particles is arbitrary as long as each fragment maps to
a different pair or particle. Spin particle permutations
can now be translated to spatial orbital permutations
using anyone of the occurring spatial indices from the
respective fragments.
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To further clarify the procedure presented in this subsec-
tion, consider the following examples, where the primitive
reference spin functions (resembling the examples of sub-
section III B) are explicitly mapped to the corresponding
SPDs. Please note that examples (2) and (3) are specially
crafted to represent educational illustrations. With the
established rules of subsection III B both examples (2)
and (3) would require one additional spectator each.
(1) Eˆabccijjk for a S = Sz = 1 reference |iijjkk . . . vw〉.
i
a b
j
c
k v
v
w
w
︸ ︷︷ ︸
∆o=2
︸ ︷︷ ︸
∆o=2




α(1)β(2) α(3)β(4) α(5) α(6)
The two SPD fragments are of type ∆o = 2 and are
mapped to different αβ pairs. Any transposition
involving e.g. α(3) or β(4) can now be translated
to a transposition of spatial orbital indices j or k in
the annihilator space or spatial orbital indices b or
c in the creator space. Due to the triplet reference,
two temporary spectator substitutions need to be
introduced and mapped to single α electrons.
(2) Eˆabccvijjkk for a S = Sz =
1
2 reference |iijjkk . . . v〉.
i
a b
j
c
k
v
︸ ︷︷ ︸
∆o=2
︸ ︷︷ ︸
∆o=0
α(1)β(2) α(3)
The left SPD fragment of type ∆o = 2 is mapped to
the only αβ pair, while the right ∆o = 0 fragment is
mapped to the single α(3) electron since the active
index v is connected to this fragment. Due to the
spin state of S = Sz = 12 of the reference CSF,
there is no further temporary active index (single
α electron) mapped.
(3) Eˆabcijv for a S = Sz = 1 reference |iijj . . . vw〉.
i
a
j
b
v
c
w
w
︸ ︷︷ ︸
∆o=2
︸ ︷︷ ︸
∆o=2
︸ ︷︷ ︸
∆o=0


α(1)β(2) α(3)β(4) α(5) α(6)
In this example, two SPD fragments of type ∆o = 2
are mapped to different αβ pairs. The ∆o = 0
fragment is connected with the active index v and
therefore mapped to α(5). Due to the spin quantum
number S = Sz = 1, one more temporary A → A
substitution is necessary.
D. Canonical Index Ordering
The last step in the generation of linearly independent Eˆ
operators is the application of a proper index ordering for
occupied (O), virtual (V) and active (A) space indices.
By construction (c.f. subsection IIIA), the occupied and
virtual indices i, j, k, . . . and a, b, c, . . ., respectively, were
fixed with
i < j < k < . . . (45)
a < b < c < . . . . (46)
Only the relation of all active indices v, w, x, . . ., which
may occur in either creator, annihilator or both index
spaces, remains to be determined. In general, there are
three ways active indices may enter specific Eˆ operators:
(i) by prototype augmentation O → A in the creator
space (e.g. Eˆai → Eˆavij ),
(ii) by prototype augmentation A→ V in the annihila-
tor space (e.g. Eˆai → Eˆabiv )
(iii) or by index permutation using temporary A → A
spectator substitutions in both the creator and the
annihilator space (e.g. (i, v)Eˆaviv = Eˆavvi ).
The relation of all active indices within cases (i), (ii) or
(iii) can be fixed by construction to yield
v(i) < w(i) < x(i) < . . . (47a)
v(ii) < w(ii) < x(ii) < . . . (47b)
v(iii) < w(iii) < x(iii) < . . . . (47c)
We can imply that no common indices occur in differ-
ent sets A(i), A(ii) and A(iii) such that no unintentional
spectators are formed:
A(i) ∩ A(ii) = A(i) ∩ A(iii) = A(ii) ∩ A(iii) = ∅ (48)
15
The combined relations (45), (46), (47) and (48) need
to be applied to all generated Eˆ operators to yield the
final set E of linearly independent operators. To further
clarify this procedure, consider the following examples,
which now reside on the results from examples (1), (2)
and (3) of the previous subsections III B and III C.
(1) Eˆabccijjk of type ∆O = 4
Eabccijjk =
{ {
Eˆabccijjk ; Eˆ
abcc
jijk
}
∪{
Eˆabccvivjkj ; Eˆ
abccv
vijkj ; Eˆ
abccv
vjjki
∣∣∣ v ∈ A}∪{
Eˆabccvwvwjkij
∣∣∣ (v < w) ∈ A}}
Due to the abundance of active indices in the orig-
inal prototype, all active indices in permuted oper-
ators originate from spectator substitutions (type
(iii)). Therefore, they either show the relation
v ∈ A for one spectator or (v < w) ∈ A for two
spectators.
(2) Eˆabccvijjkk of type ∆O = 2
Eabccvijjkk =
{ {
Eˆabccvijjkk ; Eˆ
abccv
jijkk
∣∣∣ v ∈ A}∪{
Eˆabccvwwjjkki
∣∣∣ (v 6= w) ∈ A}}
In this case, there are active indices from differ-
ent origins. The index v is already present in the
original prototype (type (i)), while the index w is
a spectating index (type (iii)). The permuted op-
erator Eˆabccvwwjjkki therefore needs to be built for all
(v 6= w) ∈ A.
(3) Eˆabcijv of type ∆O = 4
Eabcijv =
{ {
Eˆabcijv ; Eˆ
abc
ivj ; Eˆ
abc
jiv ; Eˆ
abc
vij ; Eˆ
abc
vji
∣∣∣ v ∈ A}∪{
Eˆabcwiwvj ; Eˆ
abcw
wivj ; Eˆ
abcw
wjvi ; Eˆ
abcw
vwij
∣∣∣ (v 6= w) ∈ A}∪{
Eˆabcwxwxvij
∣∣∣ (v 6= (w < x)) ∈ A} }
This last example has the active indices v origi-
nating from type (ii) as well as the indices w and
x originating from type (iii). Operators involv-
ing no spectator must therefore be built for all
v ∈ A, operators involving one spectator w for all
(v 6= w) ∈ A and operators involving two specta-
tors w and x for all (v 6= (w < x)) ∈ A.
Table IV. The number of generated operators compared to
the dimensionality of the full CSF basis for every (n, S, b)-
tuple considered in this work.
n S b #Operatorsa d(n, S, b)b
2 0 3 5 6
2 1 6 14 15
3 1/2 6 69 70
3 3/2 9 83 84
4 0 6 104 105
4 1 9 629 630
4 2 12 494 495
5 1/2 9 1,889 1,890
5 3/2 12 5,147 5,148
5 5/2 15 3,002 3,003
6 0 9 2,519 2,520
6 1 12 23,165 23,166
6 2 15 40,039 40,040
6 3 18 18,563 18,564
7 1/2 12 56,627 56,628
7 3/2 15 240,239 240,240
7 5/2 18 302,327 302,328
7 7/2 21 116,279 116,280
8 0 12 70,784 70,785
8 1 15 840,839 840,840
8 2 18 2,267,459 2,267,460
8 3 21 2,238,389 2,238,390
8 4 24 735,470 735,471
9 1/2 15 1,821,819 1,821,820
9 3/2 18 10,279,151 10,279,152
9 5/2 21 20,145,509 20,145,510
9 7/2 24 16,343,799 16,343,800
9 9/2 27 4,686,824 4,686,825
10 0 15 2,186,183 2,186,184
10 1 18 30,837,455 30,837,456
10 2 21 111,919,499 111,919,500
10 3 24 171,609,899 171,609,900
10 4 27 118,107,989 118,107,990
10 5 30 30,045,014 30,045,015
a Generated (checked for linear in-
dependence)
b Formula (49)
IV. APPLICATION
A. Linear Independence and Completeness Check
To check if the presented scheme to generate spatial sub-
stitution operators indeed produces linearly independent
and spin-complete operators, we confirmed
(I) their dimensionality (the number of generated op-
erators) and
(II) their linear independence.
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To check for the correct dimensionality (I), the number of
generated operators was compared to the dimensionality
of the full CSF-space d(n, S, b) for n electrons with spin
quantum number S in b spatial orbitals, which is given
by the Weyl-Robinson-dimension formula (see e.g. [29]):
d(n, S, b) =
2S + 1
b+ 1
(
b+ 1
1
2n+ S + 1
)(
b+ 1
1
2n− S
)
(49)
The check their linear independence (II), the generated
operators were sorted into sets {Eˆ}Φ such that operators
leading to the same spatial function Φ when applied to
the reference CSF are in the same set. Every set of oper-
ators was applied to the reference CSF and the resulting
CSFs where represented in a minimal determinant ba-
sis. The representations were gathered as row vectors in
a matrix C, which was decomposed in a rank revealing
Householder-QR-decomposition. If the ranks of all ma-
trices C for all spatial functions Φ are exactly equal to
the number of their row vectors, the set of all generated
Eˆ operators leads to linearly independent CSFs when ap-
plied to the reference.
In Table IV, the results for spatial substitution operators
for all high spin reference CSFs composed of n = 2 to
n = 10 particles in all possible high spin states (S = 0 to
S = 5) in b = 3(no + na) spatial orbitals of up to spatial
substitution rank n are summarized.
All operator sets were found to produce linearly inde-
pendent CSFs and showed the correct dimensionality of
d(n, S, b)−1 (one CSF being the reference with no corre-
sponding substitution operator) proving their complete-
ness. Therefore, we conclude that the proposed operator
generation scheme works for up to 10-fold substitutions.
B. Proof of Concept Test Calculation
A proof of concept implementation for spin-adapted and
spin-complete (SASC) CC utilizing the generated spa-
tial substitutions in this work was developed. Following
an ROHF calculation using the PySCF [34, 35] program
package, all operators (Cluster and Hamiltonian) were
represented in the FCI CSF basis. This allows the BCH-
series to be evaluated using matrix commutators only.
To compare the results to spin-contaminated spin orbital
CC, an identical approach to spin error estimations of
Hanrath and Engels-Putzka [36] was used. Given the
projection operator PˆS,SzCSF onto the full CSF basis for the
desired spin quantum numbers S and Sz, an error esti-
mate  is given by
 =
√
1−
〈
ΨS,SzCC
∣∣∣ΨS,SzCC 〉 , (50)
where
∣∣∣ΨS,SzCC 〉 shall denote the projected CC wavefunc-
tion after normalization (〈ΨCC|ΨCC〉 = 1) with∣∣∣ΨS,SzCC 〉 = PˆS,SzCSF |ΨCC〉 . (51)
To compare the influence of spin completeness, a spin-
adapted and spin-incomplete (SASI) CC was conducted
Table V. Correlation energies as well as spin projection errors for (i) spin orbital, (ii) spin-adapted and spin-incomplete (SASI)
and (iii) spin-adapted and spin-complete (SASC) CC for the Boron atom in the 6-31G [10s,4p]/(3s,2p) basis set. The ROHF-
MOs were converged to a density and energy threshold of 10−14 a.u. and CC residual mean squares were converged to 10−14.
Truncation Spin Orbital CC SASI-CC SASC-CC
Ecorr [a.u.] Spin Error  Ecorr [a.u.] Spin Error  Ecorr [a.u.] Spin Error 
2P State (S = Sz = 12 ) EROHF = −24.519 348 011 198 5 a.u.
S −0.000 136 326 135 3 1.09e-02 +0.000 003 481 765 9 5.79e-42 −0.000 354 917 438 0 1.74e-18
SD −0.043 007 929 406 6 1.00e-03 −0.042 560 129 702 6 3.49e-18 −0.043 011 099 401 8 3.48e-18
SDT −0.043 542 073 861 8 2.96e-05 −0.043 088 321 409 8 3.97e-19 −0.043 542 154 149 0 5.14e-18
SDTQ −0.043 543 752 049 9 8.22e-07 −0.043 089 893 581 2 3.52e-18 −0.043 543 751 825 6 5.40e-18
SDTQ5 −0.043 543 757 474 4 5.78e-16 −0.043 089 899 014 8 5.32e-19 −0.043 543 757 474 4 3.73e-18
4P State (S = Sz = 32 ) EROHF = −24.442 277 339 965 4 a.u.
S −0.000 005 630 917 5 5.39e-04 +0.000 000 010 963 1 1.90e-24 −0.000 039 736 326 1 2.17e-19
SD −0.006 325 166 426 4 8.73e-05 −0.006 278 370 580 7 1.31e-19 −0.006 325 487 910 9 1.96e-19
SDT −0.006 333 018 560 2 5.92e-06 −0.006 285 473 968 9 3.33e-19 −0.006 333 024 838 2 3.59e-19
SDTQ −0.006 332 986 673 2 1.15e-07 −0.006 285 438 483 6 1.66e-19 −0.006 332 986 666 7 1.93e-19
SDTQ5 −0.006 332 986 717 6 3.01e-18 −0.006 285 438 520 5 1.74e-19 −0.006 332 986 717 6 2.50e-19
6S State (S = Sz = 52 ) EROHF = −17.554 641 076 098 1 a.u.
S 0.000 000 000 000 0 0.00 0.000 000 000 000 0 0.00 0.000 000 000 000 0 0.00
SD −0.006 003 148 033 4 0.00 −0.006 003 148 033 4 0.00 −0.006 003 148 033 4 0.00
SDT −0.006 096 372 778 5 0.00 −0.006 096 372 778 5 0.00 −0.006 096 372 778 5 0.00
SDTQ −0.006 093 894 161 4 0.00 −0.006 093 894 161 4 0.00 −0.006 093 894 161 4 0.00
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in a completely identical fashion to the corresponding
SASC-CC calculation, where all Eˆ operators including
spectating indices were neglected. This leads to a Cluster
operator Tˆ , which spans the same spatial space while
leaving the spin space incomplete.
The results of test calculations for the high spin states of
the Boron atom in the 6-31G basis set are summarized
in Table V.
All SASC-CC and SASI-CC calculations lead to a spin
projection error  of zero (within the double floating point
precision limit). Therefore, both the SASC-CC and the
SASI-CC wavefunction always represent a true eigenfunc-
tion of the Sˆ2 operator. In direct comparison, spin orbital
CC leads to spin projection errors between 10−2 to 10−7
for the doublet state and 10−4 to 10−7 for the quartet
state. The spin projection error ultimately decreases to
zero for the full Cluster operator (the FCI result). In case
of the hextet state, all participating CSFs are purely com-
posed of α electrons such that the results for spin orbital,
SASI- and SASC-CC are completely identical.
SASC-CC correlation energies show small differences to
spin orbital correlation energies in the order of 10−4 to
10−10 a.u. in the doublet case and 10−5 to 10−12 a.u. in
the quartet case. For a full Cluster operator (the FCI
limit), the SASC-CC correlation energy is identical to
the spin orbital CC correlation energy. In all but the
CCSDTQ calculations for the doublet and the quartet
state, SASC-CC leads to a greater amount of recovered
correlation energy compared to spin orbital CC. The ex-
ception for CCSDTQ may be explainable by the non-
variationality of the CC-ansatz. The SASC-CC wave-
function should (despite a smaller amount of recovered
correlation energy) still be superior to the spin orbital
wavefunction as clearly indicated by the spin projection
error. Please note that the investigated example (atomic
Boron in 6-31G) is very small and represents a minimal
testing case for the proposed scheme. Therefore, only
small spin contamination effects are recognizable, which
are expected to increase with increasing system size.
Comparing SASC-CC to SASI-CC correlation energies,
a significantly large bias of roughly 4 · 10−4 a.u. ( 1.04%)
in the doublet case and roughly 5 · 10−5 a.u. ( 0.75%) in
the quartet case for the spin-incomplete Cluster operator
is found through all truncation levels. Even for a Cluster
operator incorporating up to 5-fold spatial substitutions,
the results do not reach the FCI limit. Clearly, spin adap-
tion without spin completeness may lead to undesirable
errors in the correlation energy, which may even be infe-
rior to spin-contaminated CC.
V. CONCLUSION
A rigorous scheme to generate linearly independent and
spin-complete spatial substitution operators Eˆ of arbi-
trary substitution rank and for arbitrary high spin ref-
erences with spin quantum number S was developed.
The proposed scheme utilizes Löwdins projection oper-
ator method [30, 31] of spin eigenfunction generation to
ensure the spin completeness of the generated operators.
In direct comparison to other open-shell CC methods
(e.g. COSCC [24, 26] or orthogonally spin-adapted CC
[16–18]), the generated Cluster operator in this work is
composed of spatial substitutions composed of sole Eˆ op-
erators only.
The proposed scheme uses a four step procedure (de-
scribed in section III) to arrive at a final set of linearly
independent and spin-complete spatial substitution op-
erators. These steps include
(i) the generation of all Eˆ operator prototypes of a spe-
cific rank, which lead to different spatial functions
when applied to the reference CSF (c.f. III A),
(iii) the generation of primitive spin functions (Sz eigen-
functions), which lead to linearly independent CSFs
when used in Löwdins projection operator method
(c.f. III B),
(ii) the mapping of spin particle to spatial orbital per-
mutations employing a topological approach (c.f.
III C) and
(iv) the application of a canonical index ordering for
orbital spaces O, V and A (c.f. IIID).
All of the four steps combined act as a black box pro-
cedure, which when given a spatial substitution rank m
returns a set of linearly independent and spin-complete
Eˆ operators. These are valid for arbitrary high spin ref-
erences and produce non-orthogonal CSFs when applied
to the reference CSF. In our ongoing studies (to be pub-
lished), we also developed an orthogonalization routine
for the generated spatial substitution operators. Our
current results point to no noticable difference between
orthogonal and non-orthogonal operator sets within the
double precision limit.
The proposed scheme was checked for completeness and
linear independency for up to 10-fold substitutions and
multiplicities of up to 2S + 1 = 11 (c.f. section IV) by
explicitly evaluating matrix ranks of CSF representations
in determinant bases. The number of the generated op-
erators were confirmed by the Weyl-Robinson dimension
formula (see e.g. [29]).
A proof of concept CC implementation using the gen-
erated operators was developed and successfully applied
to the high spin states of the Boron atom (c.f. IVB).
The spin-adapted and spin-complete CC leads to spin
projection errors of zero and to small differences in cor-
relation energies when compared to spin-contaminated
spin orbital CC. A comparison to spin-adapted but spin-
incomplete CC showed a persistent error of 0.4mH to
0.05mH in the correlation energy.
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